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Abstract 

Motivated by the work of Nakayashiki on the inhomogeneous vertex models of 
-■■«». ■ 6-vertex type, we introduce the notion of crystals with head. We show that the 

J^', tensor product of the highest weight crystal B(X) of level k and the perfect crystal 

B\ of level I is isomorphic to the tensor product of the perfect crystal of level 
O" 1 I — k and the highest weight crystal B(X') of level k. 

> ' 

^ ' 1 Introduction 

d; 

In ||, Nakayashiki studied the inhomogeneous vertex models of 6-vertex type, and he ex- 
plained the degeneration of the ground states from the point of view of the representation 
theory as follows. Let V(Aj) be the irreducible U'(s [2) -module with the highest weight 
Aj (i = 0, 1) of level 1, and let V s be the (s + l)-dimensional U' q (s [2) -module. Then there 
exists an intertwiner 

: (V s -i) z ® ^(Ai) ^ V(A l+1 ) (g) (V s ) z . 

He identified (V s -i) z with the degeneration of the ground states. 
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The q = limit can be described in terms of crystal bases. Let B s be the crystal 
base of V s , and let -B(Aj) be the crystal base of V(Ai). Then we have an isomorphism of 
crystals 

B s _x <g> £(A*) S £?(A m ) g) S a . 

The purpose of this paper is to generalize the above result on crystals in a more general 
situation, replacing U' q (sl 2 ) with quantized affine algebras U'(g), -B(Aj) with the crystals 
of the integrable highest weight representations of arbitrary positive level, and B s with 
perfect crystals. 

The crystal of the integrable highest weight representation has a unique highest weight 
vector. Namely, it contains a unique vector b such that e^b = for all i and all the other 
vectors can be obtained from b by applying /j's successively. However, neither B s -i(E)B(Ai) 
nor B(A i+ i) <g)B s has such properties. Instead, they satisfy weaker properties: the highest 
weight vector has to be replaced with a subset consisting of several vectors, which we call 
the head. This is a combinatorial phenomenon corresponding to the degeneration of the 
ground states in the exactly solvable models. 

Let B be a crystal. For b £ B, let E(b) be the smallest subset of B containing b and 
stable under the e^'s. We say that B has a head if E(b) is a finite set for any b £ B. For 
such a crystal, we define its head H(B) to be {b £ £?| = E(b) for every 6' £ E(b)}. 

Then the head replaces the role of highest weight vectors: all the vectors in B can be 
obtained from vectors in the head by applying /j's successively. 

If D is a finite regular crystal and B(X) is the crystal of the integrable highest weight 
representation with highest weight A of level k, then D ® B(X) has a head and its head is 
given by D®u\, where u\ is the highest weight vector of B(X). However, if we change the 
order of the tensor product, the situation is completely different. The crystal B(X) <S> D 
has a head, but u\ <E> D is not the head in general. In this paper, we prove that, for a 
perfect crystal B t of level / > k, B(X) ® B t is isomorphic to the crystal B t _ k <g> B(X') for 
another dominant integral weight A' of level k and the perfect crystal B\^ of level I — k 
(see Theorem |Oj for more precise statements). 

The proof is based on the theory of coherent families of perfect crystals developed in 
II and the characterization of crystals of the form D <S> -6(A). We introduce the notion of 
regular head (Definition |4.1| ), and we prove that any connected regular crystal with regular 
head is isomorphic to a crystal of the form H(B) ®B(X) for some dominant integral weight 
A (see Theorem |4.7| for more precise statements). Then, we check the regularity condition 
for the coherent families of perfect crystals. 
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2 Quantized Affine Algebras 

Let / be a finite index set and A = (a^)^/ a generalized Cartan matrix of affine type. We 
choose a vector space t of dimension |/| + 1, and let II = i £ /} and II V = {hi\ i G J} 
be linearly independent subsets of t* and t, respectively, satisfying (hi,aj) = aij for all 
i,j G I. The on (resp. hi) are called the simple roots (resp. simple coroots), and the free 
abelian group Q = ^ iGl Zai (resp. Q v = ig/ Z/ij) is called the root lattice (resp. dual 
root lattice). We denote by 5 = X^e/G^a, G Q the smallest positive imaginary root and 
c = J2iei a "ihi G Q v the canonical central element (cf. |2|, Chapter 6]). Set t*! = t*/C5 
and let cl : t* — > t*j be the canonical projection. We denote by t*° = {A G t*| (c, A) = 0} 
and t*!° = cl(t*°). 

Let P = {A G t* | (/ij, A) G Z for all i G /} be the we^/zi /atece and P v = {h G 
t | (/i, «j) G Z for all i G 1} be the dwa/ weight lattice. Note that CKj, Aj G P and /ij G P v , 
where Aj G t* are linear forms satisfying (hj,Ai) = 5ij (i,j G /). Set P c \ = cl(P) = 
Hom(Q v , Z) C t* l5 P° = {A G P| (c, A) = 0} C t*°, and P° = cl(P°) C t*?. 

Since the generalized Cartan matrix A is symmetrizable, there is a non-degenerate 
symmetric bilinear form ( , ) on t* satisfying 



Note that t*j° has a non-degenerate symmetric bilinear form induced by that on t*. We 
take the smallest positive integer 7 such that 7(0^, cti)j1 is a positive integer for all % G I. 

Definition 2.1 The quantized affine algebra U q (g) is the associative algebra with 1 over 
C(g 1 / 7 ) generated by the elements ej, fa (i G /) and q(h) (h G 7 -1 P v ) satisfying the 
following defining relations: 



(hi,\) 



for all ie/, A G C. 



We normalize the bilinear form so that we have 



(M) = (c,A>. 



q(0) = 1, q{h)q{h!) = q(h + h') (h, h' G 7 _1 P V ) 
q{h)e iq {-h) = q^e u 

q(h)M-h) = q-^fi (h G 7 " 1 P V , z G /), 



(2.1) 



[ei, fj] = l — (i,j G I), 



Y^(-l) k e^e 3 et a -- k) = if (-VfPfjfl 



(i^j), 



fe=0 fc=0 
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where q t = q^'\ U = g(^^), ef = /f } = #/[*]«!, [*]< = f^S, and 

[k]i- — [l]i[2]i • • • [k]i for all i e I. 

The quantized affine algebra U q (g) has a Hopf algebra structure with comultiplication 
A, counit e, and antipode 5 defined by 

A(q(h)) = q(h)®q(h), 

A(e t ) =e i ®tr 1 + l®e i , A(/<) = /< ® 1 + t< ® /*, 

e(?(A)) = l, s( ei ) = e(fi) = 0, 

S(q(h)) = q(-h), S(e i ) = -e i t i , S(f i ) = -tr 1 f i 

for all /i G 7 _1 P V , i G J. 

We denote by L^'(k) the subalgebra of U q (g) generated by ej, (z G I) and g(/i) 
(ft G 7 _1 Q V ), which will also be called the quantized affine algebra. 

A [/'(g) -module M is called integrable if it has the weight space decomposition M = 
AePcl M A , where M A = {u G M| g(/i)u = q^u for all ft G 7 _1 Q V }, and M is £^(g) r 
locally finite (i.e., d\mU' q {Q)iU < oo for all u G M) for all i E I, where U q (o)i denotes the 
subalgebra of U'(q) generated by e,, f i} and ij. 



3 Crystals with Head 

In studying the structure of integrable representations of quantized affine algebras, the 
crystal base theory developed in || provides a very powerful combinatorial method. In 
this section, we develop the theory of crystals with head. We first recall the definition of 
crystals given in Q . 

Definition 3.1 A crystal B is a set together with the maps wt : B — > P, : B — > 

Z U {-oo}, ^:B^ZU {-oo}, e { : B ^ B U {0}, /< : £ -> £ U {0} (z G J) satisfying 
the axioms: 

(hi,wt(b)) = ifi(b) - £i(b) for all b G B, 
wt(ejfe) = wt(6) + aij for 6 G £ with e^fr G B, 
(3.1) wt(/i&) = wt(6) -on for b E B with /<& G 5, 

/i& = 6' if and only if b = Sib' for b, b' G B, 
hb = fib = if Si (6) = -oo. 
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Definition 3.2 For two crystals B\ and S 2 , a morphism of crystals from Bi to B 2 is a 
map V : B x U {0} -> B 2 U {0} such that 

^(0) = 0, 

^(e;6) = e^(6) for b E Bi with G Si, V(&) G S 2 , G S 2 , 

(3.2) = Mb) for 6 G B 1 with G S : , ^(6) G S 2 , e B 2 , 
wt(V>(6)) = wt(6) for b E B x with ^(6) G S 2 , 

£i(^(6)) = £i(6), Vi(^(6)) = Vi(6) for 6 G Si with ij>(b) e B 2 . 

A morphism ^ : Si — > S 2 is called an embedding if the map ^ : Si U {0} — > S 2 U {0} is 
injective. In this case, we call Si a subcrystal of S 2 . 

For two crystals S x and S 2 , we define their tensor product Si ® S 2 as follows. The 
underlying set is Si x S 2 . For b x G S^ 5 2 G S 2 , we write 6i ® 5 2 for (&i,& 2 ) and 
we understand &i <g> = ® 5 2 = 0. We define the maps wt : Si <g> S 2 — > P, £, : 
Si <g> B 2 -> Z U {-oo}, : Si <g> S 2 -> Z U {-oo}, e~i : B 1 ® B 2 ^ B t ® B 2 U {0}, 
/i : Si <g> S 2 -> Si <g> S 2 U {0} (i G J) as follows: 

wt(6i ® 6 2 ) — wt(6i) + wt(6 2 ), 
£i(&i ® ^2) = max(£j(6i), £j(6 2 ) - (^,wt(6i))), 
® 62) = max(y?i(& 2 ), </?j(&i) + (/i,, wt(fo 2 ))), 

(3.3) _ J ei6i <g> 6 2 if <pi(&i) > £i(b 2 
ei{bi ®b 2 ) -- 



fi{bi®b 2 ) 



b x <g> e { b 2 if ifiipi) < Ei(b 2 ), 

fibi <g> 6 2 if ifiipi) > Ei(b 2 ), 
h®fib 2 if ^(61) < £i(b 2 ). 



In the sequel, we will only consider the crystals over the quantized affine algebra U' q (g). 
Hence the weights of crystals will be elements of P d . For example, for A G P c \, consider 
the set T\ = {t\} with one element. Define wt(i A ) = A, Si(t\) = (fi(t\) = —00, and 
ei(t x ) = fi(t\) = (i G I). Then T A is a crystal and we have T A <g> T v = T A+A ,. 

For a dominant integral weight A, we denote by S(A) the crystal associated with the 
integrable highest weight representation with highest weight A, and u\ the highest weight 
vector of S(A). The highest weight vector u\ is the unique element of S(A) with weight 
A satisfying t{U\ = for all i E I. 

For a subset J of /, we denote by U' q (gj) the subalgebra of U' q (g) generated by e i: fi, 
and ti (i E J). Note that if J^I, then gj is a finite-dimensional semisimple Lie algebra. 
Similarly, for a subset J of /, we denote by Bj the crystal S equipped with the maps 
wt, £j, (fi, e~i, and fi for i E J. We say that a crystal B over C/'(g) is regular if, for any 

J, Bj is isomorphic to the crystal associated with an integrable U' q (gj)-modu\e. This 
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condition is equivalent to saying that the same assertion holds for any J^I with one or 
two elements (see |3|, Proposition 2.4.4]). 

Let B be a regular crystal. For 6 G £?, let e™ ax 6 = e\b such that e\b ^ 0, ef +1 6 = 0, 
and define 

E{b) = {e h . . . ~e k b | I > and h, . . . , % x G /} \ {0}, 
£ max (6) = {g™ ax . . . e™ ax b \l>0 audii,... ,ij G I}. 

It follows that 

£7 max (6) c£(t), 
(3.5) £(&') C £(&) for all 6' G £7(6), 

£7 max (6') C £ max (6) for all b' G £ max (6). 

Recall that the Weyl group W acts on the regular crystals (||). For each i G I, the 
simple reflection Sj acts on the regular crystal £> by 



(3.6) 



£<hi,wt(&)) 6 if </i i? wt(&)> > 0, 
g7<fci,wt(6)> 6 if (7^, wt(6)> < 0. 



For io = s ir .Si r _ 1 . . .s h G W, its action is given by = Si r 5i r _ 1 ... 5*^. 
We first prove: 

Lemma 3.3 Let B be a finite regular crystal. 

(a) We /uwe E(S w (b)) = £7(6) for allbeB,wE W. 

(b) £7(6) is a connected component of B for any b G B. 

Proof, (a) It suffices to show that Si (6) G -£7(6) for all 6 G 5, i G J. If A = wt(6) satisfies 
(6j, A) < 0, then by (|3T6|) , our assertion is obvious. If (hi, A) > 0, take w = s it . . . s^ G W 
such that (6j fc , . . . s^X) < for k = 1, . . . , I and s^A = wA (see [[[J Lemma 1.4]). 
Then for each n > 1, we have S w (SiS w ) n b G -£7(6). Since S^S^ has finite order, there 
exists n > such that (SiS w ) n b = 6. Hence Sib = S w (SiS w ) n ~ 1 b G -£7(6). 

(b) Note that for any 6 G £>, we have /•& = ef (6) ~ 1 5 , i (ef MBl 6). By (a), this implies £7(6) 
is stable under /j for all z G I. Hence we have the desired result. Q.E.D. 

Definition 3.4 We say that a regular crystal B has a 6earf if £7(6) is a finite set for any 
6 G £>. In this case, we define the head ££(£>) of B to be 

(3.7) ££(£?) = {beB\ £7(6') = £7(6) for every 6' G £7(6)}, 

and B is called a crystal with head. 
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In the following, we prove some of the basic properties of the crystals with head. 

Lemma 3.5 Suppose that B has a head H(B). 

(a) The head H(B) is stable under 's (is/). 

(b) E(b) n H(B) ^ for all be B. 

(c) If b E H(B), then either e^b = for all i £ I or there exist ii, . . . , i\ G I (I > 1) 
such that b = e~i { . . . e^b. 

Proof, (a) If b E H(B), then £7(6) C H(B), since for b' E £7(6) and 6" E £7(6') C £7(6), 
we have £(6") = £(6) = £7(6'). 

(b) For any b E B, take 6' G £7(6) such that £7(6') has the smallest cardinality. Then, 
since E{b") C E(V) for any 6" G E(V) C £7(6), we have £7(6") = £7(6') , which implies b' 
belongs to H(B). 

(c) If b E H(B) and e lx 6 ^ for some ii G /, then by definition we have £7(6) = £7(^6). 
Then 6 G £7(6) implies 6 = e*, . . . e^6 for some Z2, ■ ■ ■ ,ii E I. Q.E.D. 

Lemma 3.6 Let B be a regular crystal with head and H a subset of B. 

(a) If H is stable under e« 's (i E I) and £7(6) Pi ££ 7^ for any b E B, then H(B) is 
contained in H . 

(b) If, in addition, £7(6) = £7(6') for any 6 G H and b' E £7(6), then H = H(B). 

Proof, (a) If 6 G H(B), take 6' G £7(6) n H. Then 6 G £7(6) = £7(6') C H. 

(b) If 6 G £T and 6' G £7(6) n H(B), then 6 G £7(6) = £7(6') C H(B). Q.E.D. 

Corollary 3.7 £/£> zs a finite regular crystal, then H(B) = B. 

Proof. We may assume that £> is connected. By Lemma |3.3| , we have £7(6) = B for all 
b E B. Hence #(£?) = £?. Q.E.D. 

4 Structure of Crystals with Head 

Let if) : H{B) <^-> £> denote the inclusion map. 



7 



Definition 4.1 We say that B has a regular head if the head H(B) of B becomes a 
regular crystal with the maps wt, £j, <pi, Si, fi {i G /) defined by 

[0 otherwise, 

(4.1) £ i( b ) = e<(^(6)) s 

p<(6) = max{A; > 0| G 

= max{A; > 0| b G e^H(B)}, 

wt(6) = X)(^(6)-e i (6))A i eP cl . 

Let 6 G (.B). Then E(b) C H(B). If 6' G £(6) satisfies /•&' G H(B), then G 
S(/ i 6') = E(Sjib ! ) = E{b') = E(b), and hence E{b) is stable under /^'s (i G I). Therefore 
the connected components of H(B) are of the form E(b). 

Let E(bo) be a connected component of H(B) and set = wt(f/>(6)) — wt(6) for 

b G E(b ), where ip : H(B) B is the inclusion map. Note that, for all i,j G /, we have 

(h^Wiejb)) = (h h wtWe jb))) - (h u wt{e 3 b)) 

= (h u wt(^(6)) + ay) - wt(6) + or,-) 
= (hi,wt(tf;(b)) -wt(6)) = (/k,W(6)). 
Hence, W^e^fe) = W^(fo) for all j G /, which implies 1^(6) is constant on E(bo). 
Let Ao = wt(^)(foo)) — wt(&o)- Since 

(hi,X ) = (hi,wb(i)(bo)) -wt(6 )) 
= <ftC0(M) - <Pi(M > 0, 
Ao is dominant integral. We will show that there exists a unique embedding of regular 
crystals E(bo) ® B(X ) — > £> sending 6 £g> «a to ^(fa) for all b G E(bo), where u\ is the 
highest weight vector of B(X ). 

Let D be a finite regular crystal, and let A be a dominant integral weight. We denote 
by B(X) the crystal associated with the integrable highest weight U' q (g)-modvle V(X) with 
highest weight A, and let u\ be the highest weight vector of B(X). 

Lemma 4.2 For any b G D ® B(X), we have 

Proof. If it were not true, there would exist b = b\®b 2 a D ®B{X) such that E max (b) C 
D®b 2 and 6 2 G -B(A)\{w A }. By the tensor product rule, this implies E max (6) = i£ inax (& 1 )<g) 
6 2 - Since 6 2 7^ «Aj there exists i G I such that ^(62) > 0. Take b' G £' max (6 1 ) such that 
</?«(&') = 0. Such a 6' exists by [I], Lemma 1.5]. Then we have e?i(&' (g> 62) — b' <S> (S^), 
which contradicts e™ ax (6' ®b 2 ) E D b 2 . Q.E.D. 
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Lemma 4.3 The regular crystal D®B{X) has a regular head and H(D®B(X)) = D®u\, 
which is isomorphic to D as a crystal. 

Proof. Since E{pi <S> b 2 ) C E(b\) ® E(b 2 ), D <8> B(X) has a head. The second assertion 
follows from Lemma |373| , Lemma |3T6| and Lemma $.2\ Hence D(8)B(\) has a regular head. 
Q.E.D. 



Proposition 4.4 Let D be a finite regular crystal, and let X be a dominant integral weight. 
Then for every b G D <S> B(X), there exists a positive integer N such that e™^ . . . e™ ax 6 G 
D®u x if e™ ax . . . e, max 6 ^ e™ ax . . . ef^b for 1 < k < N. 

Proof. If the proposition were false, there would exist b G (D <S> B(X)) \ (D ® U\) and 
/ > such that 

(4.2) b = e™ ax • • • ef^b and e™ ax • • • e?^b ^ g™ ax . . . e™ x b for k = 1, . . . , I. 

Set e™ ax . . . e™ ax 6 = b k ®b' with b k G D and b' G 5(A). Then b' does not depend on k and 
we have b k = e™ ax 6fc_i. Since D is a finite crystal, all of its weights have level 0. Hence 
the square lengths of its weights are well-defined. 

Since wt(6 fe ) = wt(fe fc _i) + £ ifc (6 fc _i)« ifc , we have 

(4.3) (wt(6fc),wt(6 fc )) = (wt(6fc_i),wt(6 fc _i)) + 2e ik (b k - 1 )(wt(b k ^ 1 ),a ik ) 

+e ik (b k „ 1 ) 2 (a ik ,a ik ) 
= (wt(6 fc _i), wt(6 fc _i)) + e ik (6 fc _i) {a ik , a ik )(h ik , wt(6 fc _i)) 

+e ik (b k _ 1 ) 2 (a ik ,a ik ) 
= (wt(6 fc _i),wt(6 fc _i)) + (a ik ,a ik )£ ik (b k -i)<p ik (& fc _i) 
> (wt(6jfc_i),wt(6 fc _i)) 



for all k > 1. Hence (wt(b k ),wt(b k )) are the same for all k > 1. Since (4.3) is the equality 
and &j fc (& fc _i) > 0, we have </? ifc (& fc _i) = 0. Since e ik (b k -i <S> £/) = e ik b k -i <g> 6', we have 
<ft fc (&fc-i) > ^ fc ( & ')> and hence e ifc (6') = 0. Write wt(e™ ax . . . e™ ax 6) = olfou^ + ■■■ + 
ti a ii) + wt(fe). Since wt(6) = wt(e™ ax . . . e™ ax 6), tia^ + • — h t/a^ is a multiple of the null 
root 5, which implies ... ,ii} — I. Hence Ei{b') = for all i G /, which contradicts 
b' ^ U\. Q.E.D. 

Note that the subcrystal D®u\ of D®B(X) is isomorphic to the crystal D®T\, where 
T\ denotes the crystal with a single element t\ of weight A and with Si{t\) = <fi(t\) = — oo. 
Let B be a regular crystal. In the next theorem, we will show that any morphism of 
crystals \I/ : D ® u x — ► £> commuting with the e^'s (i G /) can be extended uniquely to a 
morphism of regular crystals from D ® -B(A) — > B. 
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Theorem 4.5 Let D be a finite regular crystal, B a regular crystal, and A a dominant 
integral weight. Suppose that there is a morphism of crystals 



* : D®u x —> B 

such that ^>{D ® u\) C B and ^ commutes with the 's (i £ I). 

Then, if rank q > 2, the map \l/ can be uniquely extended to a morphism of regular 
crystals 

§ : D <g) B(X) -> B. 
Proof. Let £ be the set of pairs (S, *ff) satisfying the following properties: 

(4.4) D®ti A cScD®5(A), 

(4.5) e™ ax S C S for any i E I, 

(4.6) \I/ is a map from S to B such that ^Id®^ = ^, 

(4.7) wt (§(&)) = wt(6) and £i (*(&)) = for any b E S and z G /, 

(4.8) ^(g™ ax 6) = g™ ax ^(6) for any b E S and i G /. 

Since £ is inductively ordered, by Zorn's Lemma, it has a maximal element. Let (S, \1/) 
be a maximal element. It is enough to prove that S is the same as D ® -B(A). Assume 
that they are different. 

First we shall prove that there exists b E D <g) B(X) \ S such that e™ ax (6) G S U {b} 
for any i E I. If it were not true, for any b E D <g> 5(A) \ 5, there would exist i such 
that e™ ax (6) G" S U {6}. Let us take b E D ® B(\)\ S. Then there is i such that 
b\ = e™ ax (6) G" S U {fro}- Repeating this we can find a sequence and {4} such that 



bk+i = e™ ax (6fc) ^ 5* U {6^}. This contradicts Proposition [Oj. Hence there exists b ^ S 
and e™ ax 6 E S U {b} for all i E I. We shall choose such a b. 

Next we shall show that there exists io such that e^^ib) E S. Assuming the contrary, 
we shall deduce a contradiction. Write b = b\ <g> 62. If e™ ax 6 = b for all i E I, then 
= £j(&i g) b 2 ) = max(e i (6 1 ), £j(6 2 ) — wt(&i))). This implies £j(&i) = for every i, 
and therefore (/ij,wt(&i)) = > 0. Since (c, wt(&i)) = 0, we have (/ij,wt(&i)) = 

for every i. Thus we obtain £4(62) — for every i and hence 6 2 — "^a- This contradicts 
D(g)u x C S. 

Note that ^ (§(g^ ax 6)) = <^ (g£ ax &) > £ io (6). We define to be A £ ; oW ^(e™ ax &) G 
5. We will show that (S U {6}, \&) satisfies (|4.4|— 8) . The properties (|4.4|— 6) are automati- 
cally satisfied. For (|4.7|), note that 



wt(*(6)) = wt(^(eX ax &)) - e i0 (b)a i0 = wt(e£"6) - e io (b)a io = wt(6). 

We shall show ^(^(6)) = £j(6) for i E I. Set J = {i,i }^^- Let if be the connected 
component of D ® -B(A) as a [/'(gj)-crystal containing 6. Then is a finite set. Take 
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a highest weight vector b x G K C D ® B(\). Then since e™ ax (6) G S and C 5 

for all i G I, b\ lies in S*. By ( |4.7| ), ^(fri) is also a highest weight vector with respect to 
the J-colored arrows, and wt(\l/(6i)) = wt(6i). Hence the map b\ \— > extends to a 

morphism of ?7'(gj)-crystals tj) : K — > B. Evidently, iplxns = ^ \khS- Since 

*(6) = Ao o(fe) ^(C x& ) = Ao o( "V(eX ax &) = ^(Ao o(b) C x& ) = iW). 

we have the desired property = 

Finally, let us prove 0. If ^ max (6) G 5, then 

g- ax §(6) = er x ^(&) = ^(er x (&)) = ^(er x &)- 

If e l max (6) = 6, then e l (b) = 0, and hence £i(*(6)) = 0. Thus ^(^ max 6) = #(&) = ^ max ^(6). 

Q.E.D. 



Corollary 4.6 Let B be a regular crystal with regular head. For an arbitrary connected 
component E (bo) ofH(B), letip : E(bo) •—>■ H(B) be the inclusion map. Then there exists 
a unique embedding of regular crystals \1/ : E(b )(B)B(\ ) — > B such that ^(b®u Xo ) = i()(b) 
for any b G E(bo). 

Proof. Since E(bo) is finite, the existence and the uniqueness of \1/ follow immediately 
from Theorem |4.5| . We can also see that \1/ is an embedding by Lemma 4.2 . 

Q.E.D. 

The following theorem describes completely the structure of the regular crystals with 
regular head. 



Theorem 4.7 Suppose rank g > 2. Then any regular crystal B with regular head has the 
following decomposition: 

B = \_\D ® B(X D ) 1 

D 

where D ranges over the connected components of H(B) and Xn is a dominant integral 
weight. 

Proof. It suffices to prove that E(bo) ®£?(A) is connected for all bo G H(B). This follows 
from the fact that H(E(b ) <g> B(\)) = E(b ) <g> u x and E(b <g> u x ) = E(b) ®u x 3 b ®u x 
for any b G E(bo). Q.E.D. 
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5 Highest Weight Crystals and Perfect Crystals 



Let k, I be positive integers, A a dominant integral weight of level k, and B\ a perfect 
crystal of level I. The definition and the relevant theory of perfect crystals can be found 
in 0, p and 0. Consider the tensor product of regular crystals B(X) ® B h where 
B(X) is the crystal for the integrable highest weight module V(X) over U'Jq) with a 
dominant integral highest weight A. If k > I, it is known that B(X) ® B\ decomposes into 
a disjoint union of crystals B(fi), where fi is a dominant integral weight of level k. In 
fact, H(B(X) ® Bi) is a discrete crystal in this case, and coincides with u\ ® Bf X , where 
Bf X = {b G Bi\ Siip) < (hi, X) for all i G I}. Hence we have 

B(X)®B l ^ S(A + wt(6)). 

See and [0] for details. 

In this work, we will concentrate on the case when k < I. We first observe: 

Proposition 5.1 The crystal B(X) ® B\ has a head and 

H(B(X)®B l ) c u x ® B b 

Proof. For any b x ® b 2 E B(X) ® B h we have E(b x ® b 2 ) C E{b x ) ® Bi and E{b x ) ® B x is 
a finite set. Hence -B(A) ® Bi has a head. Now, it is clear that u\ ® Bi is stable under 
ej's {i G /). Moreover, for any u ® b G B(X) ® Bi, by applying e^'s repeatedly, we get 
e ik . . . e^iu ® b) = u\ ® b' G u x ® Bi for sufficiently large k > 1. Hence our assertion 
follows from Lemma |3^ (a). Q.E.D. 

In the following, we will show that the head H(B(X) ® Bi) of -B(A) ® B\ is isomorphic 
to the perfect crystal Bi_^. Moreover, we will prove that there exists an isomorphism of 
crystals 

B(X) ® B t = Bi^ k ® B(X'), 
where A' is the dominant integral weight of level k determined by the crystal isomorphism 

B(X)®B k = B(X') 

given in 0. 

In order to give more precise statements, let us recall the theory of coherent families 
of perfect crystals developed in ||. Let {B{\i>i be a family of perfect crystals B[ of level 
I, and set Sf™ = {b G B\ \ (c,e(b)) = I}. Here e(b) = J2i£i(b)Ai, and we will also use 
vib) = J2i ¥i(b)Ai. By the definition of perfect crystal, e and ip map i?f in bijectively to 
(P c j), = f {X G P c i | (fa, A) > 0, (c, A) = /}. We set J = {(/, b)\l>l,be Bf n }- 
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Definition 5.2 A crystal with an element is called a limit of {-Bz}z>i if it satisfies 
the following conditions: 

(5.1) wt(6oc) = 0, £(&«,) = cpibvc) = 0, 

(5.2) for any (I, b) G J, there exists an embedding of crystals 

f(i,b) ■ T e( p) ®Bi® T_ v(fe) -> Boo 
sending t £(6) <g> b ® to 600, 

(5.3) #00= IJ W(M>). 

(*,&)eJ 

If a limit exists, we call {5/}/>i a coherent family of perfect crystals. It was proved in 
that the limit (Boo, boo) is unique up to an isomorphism. Note that we have 

(c, e(b)) > for any b G P^. 

We set B™ n = {b G Boo | (c,e(6)) = 0}. Then both e and y? map B™ m bijectively to 
P c 1 = {A G P c i I (c, A) = 0}. Moreover, there is a linear automorphism a of P® { such that 
<jip(b) = e(b) for any 6 G -B™ in . We assume further the following condition: 

(5.4) a extends to a linear automorphism a of P c \ such that 

ay? (6) = e(b) for any 6 G Pf lin . 

We conjecture that all the coherent families satisfy this condition. Moreover, a sends the 
simple roots to the simple roots, and there exists an element of the Weyl group W such 
that its induced action on coincides with u|po. 

In the sequel, we fix a coherent family {P/}/>i of perfect crystals satisfying the con- 
dition ( |5.4| ). For positive integers k and / with k < I, let A be a dominant integral weight 
of level k and set A' = cr _1 A. Then we have: 

Lemma 5.3 There exists a unique embedding of crystals 

i) : Bi_ k ^T x ®B t ® T_ v . 

Moreover, we have if>(Bf§) CT A ® Bf n <g> T_ v . 

Proof. Let us first prove the uniqueness. If b G -Bz-fc is sent to t\(8)b' ®£_,y, then we have 
e(b') = e(b) + A, and hence we have (c, s(b')) = (c,e(b)) + k. Therefore, ip sends Bf^ to 
T\ ® Bf 11 ^ ® T_a', and ^Ib™ is uniquely determined because e : P™ in — > P c \ is injective. 
Now, the uniqueness of if) follows from the connectedness of Bi_ k . 

We shall prove the existence. Let us take a dominant integral weight £ of level / — k 
and set \i = A + £. Then /1 is of level I. Set p,' = cr _1 /i and £' = cr _1 £. Let us take 6; G 
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such that e(bi) = fi and b[_ k G Bi_ k such that e(bi_ k ) = £. Then they are minimal vectors 
and we have the embeddings 

f (lM : ® B, ® T_„, ^B^, 

such that = f(i-kM- k )( b i-k) = b oo- We shall show 

(5-5) Im(/( l _ fc> 6 l _ fc )) C lm(f {lM ). 

Since B^ k is connected, it is enough to show that if b G B\_ k satisfies &i(b) 7^ and 
f(i-k,b l -k)(k® b ® t -(') e Im (/(«,fe())' tlien f(i-k,b l -~k)( t a®Zi b ® t -t;') also belongs to Im(f (lM) ). 
Write f(i-k,bi-k)(h ® b ® *-£') = ® & ' ® *-/•*') with & ' G Tnen we nave e *'(*£ ® 

& <8> t-^') = £j(^ <8> &' ® i-/i')> which implies £*(£/) = £*(&) + (/ij, \i — £) > 0. Hence we have 
f(i-k,bi-k)(M ® ^ ® = f(i,h){tn ® ® which gives fl5T5| ). Therefore we obtain 
an embedding of crystal Tg eg) B t _ k £g> — > T M £g> £g> TL^/. This induces the desired 
embedding t/>. Q.E.D. 



Theorem 5.4 Suppose rankjj > 2, and let {Bi}i>i be a coherent family of perfect crystals 
satisfying the condition ( |5.4j) . For a pair of positive integers k and I with k < I, let X be 
a dominant integral weight of level k and X' = <j -1 A. Then we have an isomorphism of 
crystals 

(5.6) B(X)® B t = B^ k ®B(X'). 

Proof. Let ip : Bi_ k —>■ T\ ® B\ ® T-\> be the embedding given in Lemma [5l| Let B^ 
be the subset of B\ such that ^(B^) — T\® Bi ® T_y. In order to prove the theorem, 
we shall show: 

(5.7) H\ = u\ <g> Bi is closed under e;'s [i G /), 

(5.8) for any b G ® b) 3 u x ® b' for some 6' G B\ X \ 

(5.9) there exists a bijection : u\® B^ — > Bi_ k that commutes 
with gj's (i G J). 



Once we have proved them, Lemma along with Lemma [O] would imply 

H(B(X)®B l ) = Ux ®bI X \ 

and, since H\ = Bi_ k is connected, Theorem |4.7| yields a crystal isomorphism 

B(X) ®B t = H x ® B(X') B^ k <g> B(X'). 

Proof of (5.7) and (5.9): They are easily deduced from the existence of ip and the fact 
that e~i(b) = if and only if Ei(b) = for b in Bi_ k or in u x ® £?} A . 
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Proof of (5.8): Let us take a dominant integral weight £ of level I — k and set \x = A + £. 
Since 5; is perfect, there exists a unique element 6' G i?2 with e(b') = fi. Then b' belongs 
to B^ by Lemma f).3\ We have a crystal isomorphism B(/j,) ® Bi^uB(jj') given by 
® 6' i— > M /t ', where /i' = and w M (resp. tt^) denotes the highest weight vector of 

B(n) (resp. B{ji')) (cf. 0). Hence, for any b G 5/, there exist ii, . . . , it G / such that 

e it . . . <g> 6) = Uft ® e k . . . e h b = w M <g> b' . 

In particular, we have e is (e i3 _ 1 . . . e^b) > (h ig , jj) > (h is , A) for s = 1, . . . , t. This gives 

e it . . . e h (u\ ® b) — U\ ® e it . . . e^b — U\ ®b' eu x ® b\ X \ 

which proves (5.8). Q.E.D. 

In the following, we will give a list of coherent families of perfect crystals {B{\i>i 
satisfying the condition (|5.4|) for each quantized affine algebra U'(g) of type B^\ 
Cf^\ ^-2n-i) 4ni an d Dn+i- For a positive integer k < I, and a dominant integral 
weight A = a A + aiAi + • • • + a n A n of level k, Theorem [|]4] yields an isomorphism of 
crystals 

B(X) ® Bi = Bi_ k ® B(A'), 

where A' = (7 _1 A. We will also give explicit descriptions of the head u\®Bi of B(\)®Bi, 
X' = er _1 A, and the isomorphism \1/ : u\® B\ X ^ ~^>Bi-k- We follow the notations in |J and 
0- 

(a) = A® (n > 2): 

n+l 

B l = {b=(x u ... ,x n+1 ) ezit 1 I s(b) = J2x l = l}, 

i=l 

k = a + \- a n , 

A' = a n A + a A l H h a n _iA„, 

B \ X) = {b= (xi, ... , x n+1 ) G B x | x 1 > a , x 2 > ai, . . . , x n+1 > a n }. 

As an A n -crystal, B\ is isomorphic to B{\A\). The crystal structure on B\ is described in 
§ and 0. 

The isomorphism \& : u\ ® B\ x ' j^B^ is given by 
(5.10) ^>(u x ® (xi, . . . , x n+ x)) = (xi - o Q , . . . , x n+ i - a„). 
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(b) = 41x (n > 3): 



-B; = {& = (xi, . . . ,x n ,x n , . . . ,xi) e Z| n | s(b) = ^Xi + ^Xi = I}, 



i=l i=l 



k = a + a x + 2(a 2 H h a n ), 

A' = aiA + a Ai + a 2 A 2 + ■ ■ • + a n A„, 
^ (A) = {b = {xi, . . . ,x n ,x n , . . . ,xi) e B t \ 

Xi, Xi > aj (i — 2, . . . , n), Xi > a , x~i > ai}. 

As a C n -crystal, is isomorphic to B(lAi). The crystal structure on B\ is described in 
i and 0. 

The isomorphism ^ : u\® B^ ^>i^_ fc is given by 

^(u A ® (xi, • • • , ar„, x n , . . . , x x )) 
(5-11) _ 

— ^Xi — Of), X 2 — °2; • • • j^n _ ^n; — 0"ni ■ ■ ■ 1^2 _ a 27 X l ~ a l)- 

(c) = BW (n > 3): 

A = (Xl, • • • > ^ni X(), ^n; • • • > Xl) ^>0 +1 I 

n n 

x = or 1, s(6) = + x + ^2 Xi = I}, 

i=l i=l 

=a + ai + 2(a 2 + ■ ■ • + a n -i) + a n, 

A' =aiA + aoAi + a 2 A 2 + h a n A n , 

B \ X) =i b = (xi, . . . , x n , x , x n , . . . , xi) E B t | xi > a , x x > a x , 

Xi, Xi > ai (i = 2, . . . , n - 1), 2x n + x > a n , 2x n + x > a n }. 

As a _B n -crystal, B\ is isomorphic to B(lKi). The crystal structure on Bi is described in 
[1 and 0. 

The isomorphism \l/ : «a <8> ^^Bi^k is given as follows. If a n is even, 
(5.12) 

#(u A ® • • ■ , x n , x , x n , . . . , Xi)) 

/ Q"n — — — \ 

= [Xi — Co, X2 — a 2 , • • • , X n — , Xo, X n — , ... , X2 — Gt2, Xi — dl). 

If a n is odd, 

^{u x <g> (xi, . . . , x n , x , x„, . . . , Xi)) 

(xi — a , x 2 — a 2 , ... , x n — an 2 +1 , 1, x„ — ""^ , 
(5.13) _J x„_i - a n _i, . . . ,x 2 - a 2 ,xi - a x ) if x = 0, 

(xi — a , x 2 — a 2 , ... , x n — a ™ 2 1 , 0, x n — a ™ 2 1 , 

Xn-i — a n -i, • • • , x 2 — a 2 , Xi — ai) if xq = 1. 



16 



(d) = 4 2 J (n > 2): 

n n 

5/ ={b = (xi, . . . ,x n ,x n , . . . ,xi) G Z> n | s(b) = ^Xi + ^Xi < I}, 

i=i i=i 

=a + 2(ai H h a n ), 

A' =A = a A + aiAi H h a„A n , 

^ = fai, • • • ,x n ,x n , . . . ,xi) G | Xj, Xj > aj (i = 1, . . . , n), s(6) < / - a }. 

As a C„-crystal, 5; is isomorphic to -B(O) © -S(Ai) © • • • © B(IA\). The crystal structure 
on Bi is described in || and 0. 

The isomorphism : U\® -C^B^ is given by 

*(tl A © (Xl, ... ,X n ,X n , . . . ,Xi)) 

(5-14) _ 

— ^Xi — Oi, X2 — 02; • • • , X n — a n , X n — a n , ... , X2 — 0*2, Xi — OiJ. 

(e) = D®! (n > 2): 

B f ={6 = (xi, . . . ,x n ,x ,x n , . . . ,xi) G Z| n +1 | 

n n 

x = or 1, s(b) =J2xi + x + ^Xi < /}, 

i=l i=l 

k =a + 2(ai + ■ ■ • + a n _i) + a n , 
A' =A = a A + aiAi + • ■ ■ + a„A n , 
B i X) ={b = (xi, . . . , x„, x , x n , . . . , xi) e Bi | Xj, Xj > ai (i = 1, . . . , n - 1), 
2x n + x > a n , 2x n + x > a n , s(b) < I - a }. 

As a _B n -crystal, Bi is isomorphic to B(0) © -B(Ai) © • • • © S(iAi). The crystal structure 
on Bi is described in || and f7j. 

The isomorphism \l/ : u\ © 5^ ^uBi^k is given as follows. If a n is even, 
(5.15) 

^(«a © (xi, ... , X n , X , X n , . . . , Xi)) 



(^Xi — di, X2 — 02; • • • ) %n ^0) X n • • • > ^2 — «2; %1 ~ a l ) ■ 



If a n is odd, 



^(«A © (Xi, . . . , X n , X , !„,... , Xi)) 

[%\ Q/Xj ^2 ^2? • • • j 2 ' 2 ? 

(5.16) J - a„_i, .. . ,x 2 - a 2 ,xi - a x ) if x = 0, 

(xi - 

x n _i — a n — 1, ... , X2 — 02) %i ~ a i) if = 1- 
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(f) g = C« (n > 2): 

n n 

Bi={b= (xi,... ,x n ,x n , ... ,xt) eZg, | s(b) = ^x i + ^x i <2l, s(b) e 2Z}, 

i=i i=i 

/c =a H h a„, 

A' =A = a-o^-o + OiAi + • • • + a n A n , 
B i X) =i b = ( x u ■ ■ ■ > x m x n , ■ ■ ■ , x i) G Bi | Xi, Xi > a,i (i = 1, . . . , n), s(b) < 2(1 - a )}. 

As a C n -crystal, B\ is isomorphic to -B(O) @B(2h\) © ■ • • ©I?(2/Ai). The crystal structure 
on Bi is described in p. 

The isomorphism \? : u\ (g) s^Bi^k is given by 



(5.17) 



Xi, . . . , x n , x n , . . . , 
= [X\ — d\, Xi — 02, ••• ,X n — d n , X n — d n , ... , X 2 — 0,2, %l — Ol). 
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(g) = D^) (n > 4): 

n ra 

Bi ={b = (xx, . . . ,x n ,x n , . . . ,xi) e Z|™ | x n = or x n = 0, s(b) = J^X; + J^Xi = I}, 

i=l i=l 

k =d + di + 2(a 2 + ■ ■ • + a n _ 2 ) + a-n-i + a„, 

A' =aiA + aoAi + a 2 A 2 H h a n _ 2 A n _ 2 + a n A„_i + a n _iA n , 

' {6 = {x u . . . ,x n , x n , . . . , xi) e B t | xi > d , xi > a u 

Xi, Xi ^ di (i 2, . . . , 71 2), X n —\, In-l ^ @"rii 

(A) _ J x n _i + x n > a n _i, x n _i + x n > a n _i} if 

{6 = (xi, . . . ,x n , x n , . . . , x x ) E B t \ xi> a , Si > a x , 
Xi, Xi ^ di (i 2, . . . ,n 2), x n —\, x n _i ^ d n _\, 

Xn—l ~t~ X^ ^ ^n? X^_i "I - ^ d n j" if O^— i ^ 

As a D n -crystal, -B^ is isomorphic to £?(ZAi). The crystal structure on B\ is described in 
§ and 0. 

The isomorphism \& : u\ ® B\ x ' -£±>Bi_ k is given as follows. If a n _i > a n , 

Si)) 

= (x\ — do, x 2 — a 2 , . . . , x n _ 2 — a„_ 2 , 
(5.18) x n —\ d n [d n _i d n x n )_|_, [x n d n _\ + a n )_|_, 

Xn ~\~ \d n — l Q-n X n )_)_, X n _i fl n (Q, n _i fl n X n )_|_, 

x n _ 2 — a„_ 2 , ... , x 2 — a 2 , Xi — d\), 
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and if a n _i < a n , 

^(w A ® (xi, ... ,X n ,X n ,... ,Xi)) 

= [Xi — ao, X2 — Cl2, ■ ■ ■ , Xn-2 — 0>n-2, 
(5.19) X n —\ On— 1 ifln ^n- 1 ^nj + j "I - (^n ®n— 1 •En) + i 

\X n d n -\~ a n — + i -En—l ^n- 1 ("n ^n- 1 + j 

^n-2 — O ra _2, ... , X2 ~ 0,2, %1 ~ a l) ■ 
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